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Abstract. In this text we introduce the torsion of spinor connections. In terms of the tor- 
sion we give conditions on a spinor connection to produce Killing vector fields. We relate the 
0^ , Bianchi type identities for the torsion of spinor connections with Jacobi identities for vector 

fields on supermanifolds. Furthermore, we discuss applications of this notion of torsion. 



Key words: spinor connection; torsion; Killing vector; supermanifold 
2000 Mathematics Subject Classification: 17B66; 53C27; 53B20 

1 Introduction 



J> I In this article we introduce the torsion of arbitrary spinor connections. Although the construc- 

■ tion depends on additional data on the spinor bundle, namely a choice of charge conjugation, 

, the notion of torsion of a spinor connection is a natural extension of what is usually known as 

the torsion of a connection on a manifold. In Section [3] we give the relevant definitions and 
discuss certain properties. In particular, in Proposition [4] we list Bianchi-type identities which 
. connect the torsion and the curvature of the given spinor connection. 

! The spinor connections for which parallel spinors leads to infinitesimal transformations of 

the underlying manifold are discussed in Section [H This turns out to be a symmetry condition 
on the torsion and lead to the definition of admissibility. In the case of metric connections, 
admissibility recovers the connections with totally skew symmetric torsion. The latter have 
been discussed in detail during the last years, e.g. [18] and references therein. Beside these 
^ ■ metric connections there are a lot of examples coming from supergravity models and we em- 

. phasize on them, e.g. [15j for the basic one. In view of the Fierz relation we formulate the 

admissibility condition in terms of forms. In Theorem [2] and its extension [3] we give a list 
of all admissible connections, i.e. connections such that the supersymmetry bracket of paral- 
lel spinor fields - when identified with the projection from the endomorphisms of the spinor 
bundle to the one-forms - closes into the space of Killing vector fields without further as- 
sumptions. Such connections are always used when we consider supergravity theories and exa- 
mine the variations of the odd fields. Moreover admissible pairs are one of the basic objects 
in our current work on natural realizations of supersymmetry on non-flat manifolds. In Sec- 
tion 14.31 we draw a connection to the geometry of a special class of supermanifold. We show 
that torsion enters naturally into higher order commutators of canonically defined super vec- 
tor fields. This yields a connection between the graded Jacobi identity on the superalgebra 
of vector fields and the Bianchi identities derived in Section [3l The motivation for the intro- 
duction of supermanifolds and the consideration of the canonical vector field is taken from the 
constructions in [2^ and [25]. The canonical vector field we consider has also been discussed 
in [30] from another point of view: One of the vector fields is considered as first order opera- 
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tor on the bundle of exterior powers of the spin bundle and it is asked when this operator is 
a differential. 

Section [5] is devoted to examples and applications. We introduce three notions of torsion 
freeness which are motivated by the discussion so far, and we shortly discuss torsion freeness 
in the case of flat space. Some properties of spinor connections on flat space have recently 
been discussed in [TT] . In Section 15.31 we discuss brane metrics admitting torsion free admissible 
subsets. 



2 Preliminaries 

We consider the graded manifold M = (M,TAS). where M denotes a (pseudo) Riemannian 
spin manifold and AS the exterior bundle of the spinor bundle S. The splitting AS* = AqS© AiS* 
into even and odd forms define the even and odd functions on M. An inclusion of vector fields 
on the base manifold M and sections of the spinor bundle S into the vector fields on M via 
J : X{M) e X{M) yields a splitting] 

X(M) = rA5 O X{M) e TAS TS, 

compare [26] or [28] . The even and odd parts of the vector fields are given by 

x{M)a = rA«,^od25 «) x(M) © rA„+imod2S ® r5, « = o, i. 

The V- and s-like fields are defined by 

Xv(M) := rA5(g)X(M), Xs(M) := FAS O r5. 

We call a vector field X of order {k, 1) or {k,0) if X G FA'^^ ® F5 or X G TA'^S (g) X{M), 
respectively. 

The graded manifold M = (M, FAS) is equipped with a bilinear form g + C where g is the 
metric on M and C a charge conjugation on 5. The latter is a spin-invariant bilinear form on 5. 
Another important map is the Clifford multiplication 

7 : X(M) ®rS ^ TS, j{X ^ rj) = j{X)rj = Xr] 

with 

XY + YX = -2g{X,Y). 

As the notation indicates, we often consider the induced map 7 : X{M) — > FEnd(/S'). We call 
the images of a local frame {e^} on M 7-matrices and write 7(e^) = 7^. We always use the 

abbreviation 7^.1-^.^ = 7[mi ' • -T^fc], e.g. jf,u = U^i^^'^ " 7m7i/) • 

The charge conjugation and the Clifford multiplication give rise to the well known morphism 
TS^TS^ AX(M), compare [25l EQl H]- We denote the projection TS^TS ^ A^X{M) by Ck 
and its symmetry by G {±1}- The projection is explicitly given by the fc-form 

(Cfc((/.®V'))Mi...M. =C(</',7m-M.V'). (2.1) 
The symmetry of the morphisms obeys = — Afc„2 and so may be written a^ 

fc(fe-l) 111 ; 

Afc = (-)^A^+iA^ (2.2) 



^We often use the identifications V{E ® F) = -yE e TF, r{E » F) = FE (g)c°°(M) TF, r(Hom(£;,F)) = 
}iomc'x,{M){TE,TF) etc, for sections of vector bundles over the manifold M. 



^This can be made more explicit by evaluating for fc = 0, 1, compare [25], 
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The charge conjugations as well as the Clifford multiplication 7 : X{M) fSiTS — > TS are parallel 
with respect to the Levi-Civita connection and so are all maps C^. The map T End(S') ^ AX(M) 
is called Fierz relation and an isomorphism onto the image is explicitly given by 

r -D 1 ^ — ^ n(n— 1) I / 

n=0 

with (dimM) := dimM if dimM is even and (D) := ^(dimM — 1) if D is odd, compare |32ll23j . 
If we take into account the charge conjugation to identify S and 5* and use (|2.2|) . the Fierz 
identity is written as 

^^^ = T^E ^°(^f^)" c(^,7(")^)(g7(n))- (2.3) 
dimo ^-^n n\ ^ ' 

We will often use the notations 

{^,^] ■.= 2Cl{ip®^l,), {ct),i;) ■.= C{^,i;). 

Charge conjugations with Ai = 1 are of special interest, because {•, •} may be seen as a super- 
symmetry bracket in this case. In particular, this choice is possible for Lorentzian space-times, 
i.e. spin manifold of signature (—1, !,...,!), compare [25]. Furthermore, we draw the attention 
to [3] for a classification of bilinear forms also for the case of extended supersymmetry algebras. 

Remark 1. Even in the case of Ai = —1 we may construct a graded manifold with super- 
symmetry bracket by taking the direct sum of the spinor bundle with itself and provide it with 
a modified charge conjugation C ® T2- Although there is a choice of charge conjugation with 
the appropriate symmetry, we are sometimes forced to use the "wrong" one. For example when 
we want to deal with real spinors. We will discuss such a construction in section [4] so that we 
will omit it here. 

Special vector fields on M . The charge conjugation C yields an identification S* ~ S. Using 
this identification a natural inclusion j : TS X(M)i is given by the interior multiplication of 
forms and its image is a vector field of degree —1. Explicitly we have 

j{4>):TS^TAS, j{4>){rj) = (cp,^) 

with the extension as derivation of degree —1. 

Let us consider a connection D on the spinor bundle S. For every vector field X G X{M) the 
action of Dx on AS is of degree zero. This connection gives rise to an inclusion jd : X{M) — > 
X{M)o given by 

jd{X) : TAS ^ TAS, Jd{X){v) = DxV- (2-4) 

These two inclusions give the natural splitting 

X(M) = TAS ® X{M) e rA5 r^. 

The endomorphisms of S are vector fields of degree zero on M in the natural way. Suppose 
$ G rEnd(S') C X(M)o n Xv(M), then the action is given by 

FAS D rS 9 ?7 1 — > $(?7) e F^ c TAS. 

With respect to a local frame {Ok} of S the endomorphism $ has the components and the 
associated vector field is given by $ = ^{C^^Oj ® ]{6k), where C^^Cjk = §1 and Cij = C{6i,6j). 



4 



F. Klinker 



For X, y S j£(M), (fijip ^ rS and ^ S rEnd(rS') the following fundamental commutation 
relations hold: 

[jd{X),jd{Y)] = R{X,Y) + jd{[X,Y]), 

= 0, [jn{X),j{^)] =j{dSc4>), 
jIv')] = Ji-^''^). [jd{X), ^] = Dx^. 

Consider the space X{M) ® TS of vector-spinors. The decomposition into irreducible repre- 
sentation spaces yields jt(M) (^TS = TS (BTSz. Using the identification j£(M) ~ 0^(M) via 
the inclusion of TS ^ X(M) ® TS is given by the Clifford multiplication iiY) = Y^. In this 
way the spin-| fields are given by the kernel of the Clifford multiplication. Given a frame {e^} 
on M with associated 7-matrices 7^ the inclusion is given by 

TS ^TS(^X{M), (/.^ (dimM)-S^0®e/,. 

This identification of the spinors in the vector-spinors is used to define a v-like vector field of 
degree one on the graded manifold. For </> G TS we denote this vector field by id{4>) ^-nd it is 
defined by the above formula up to the dimension dependent factor together with (12. 4p : 

^d(</') = 1^4)® 3 Die ^j). 

In |241 [25] we used this map with D = V the Levi-Civita connection on M and S. In |30J 
this object is considered to construct a (spinor dependent) differential on AS". The action of 
the differential corresponds to the action of the vector field id{<P) o^l the (super)functions FAS' 
of M, i.e. 

TKS DTS3r]t — > t^<)))r] = 7^(/. A D^r] G TA^S C FA^. 
This vector field will be considered in section [¥31 

3 The torsion of spinor connections 

Given a connection D on 5 we associate to D the field A:= D-V e 0^(M) F End(5) where 
as before V denotes the Levi-Civita connection on M. Furthermore, if we denote by A the pro- 
jection of A onto the sub algebra which is locally given by span{7^,y } C {<& G F End(S') j [<I>, 7^j] C 
span{7jy} for all /u}, then the connection = V -|- ^ is a metric connection on M. 

As noted in the last section, the charge conjugation C : S" ^ S* as well as the Clifford 
multiplication 7 : TM (8> — > 5 are parallel with respect to the Levi-Civita connection. More 
precisely we have the following well known result: 

Proposition 1. The Clifford multiplication is parallel with respect to the connection D on S 
and V on M if and only if D = \7 is a metric connection. 

The charge conjugation is parallel with respect to the connection D on S if and only if A 
takes its values in 

span{7^i -^'=; AfcAo = -l} = span{7^i-^4'=+2,7''i-''4fe-AoAi |, 
In particular, C is parallel with respect to every metric connection. 

Example 1. In 11-dimensional space-time, i.e. t = l,s = 10 we have Ai = — Aq = 1 so that 
the map $ 1-^ <I>'^, with C(<I>'^r/,^) := C(r/,<I>^) has (— l)-eigenspace 

span{7''i'''«+2 ^ ^w-/^4fc+i | 
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and (+l)-eigenspace 

span{7^i-^4'^+3,7^i-^4fe|_ 

In particular, the Clifford multiplication is skew symmetric. For example, consider the super- 
covariant derivation which come from the supergravity variation of the gravitino and for which 
Ax has a three- form and a five-form part, compare [15 ^ 1141 [3T| I17j. This connection does not 
make the charge conjugation parallel. 

Due to this example, parallelism of the charge conjugation is not the appropriate notion to 
be related to supersymmetry in general. 

To the connection D on S we will associate another connection D*-^ . To construct this we 
consider the connection D^l + l^ on 5" (8) 5 and the induced connection on S* ^ S*. Then 

(g) 1 + 1 (g) shall make the charge conjugation parallel, i.e. (Z) 1 + 1 (g) D'~^)C = 0. For 
D = \/ + A this implies D'-' = V — A'-' . The next remark is obtained immediately. 

Remark 2. The curvature R of the connection D and the curvature of the connection 
are related by {R{X,Y)f = -R^{X,Y). 

We endow the bundle of End(S')-valued tensors on M with a connection induced by D, D'-' 
and V. 

Definition 1. Let $ G X(M)®^ ® ^^(M)^^ O rEnd(5'). The connection D is defined by 

{bz^){X)i := Dz{HX)i) - $(VzX)e - HX)D'i^ 
for all vector fields G O^(M)^'' ® X{M)®\ and ^ G VS. 

We consider the following ad-type representation of End(S') on itself. 
Definition 2. Let G End(5). We define adg : End(S) ^ End(5) by 
adg$ := Vt^ + 

This is indeed a representation, because ad|^^ j^^j^* = [adj^^ , adj^^] ^- For Q. = 17+ -|- fi", i.e. 
of" = — Q,~ we have 

adg$= [J]_,<I>] +{0+,ci>}. 

Furthermore we have 

(adg^)"^ = (17$ + ^VL^)^ = ^^^^ + = adg^**^ (3.1) 
which yields 

Proposition 2. adj^ preserves the {zizl)-eigenspaces of the linear map i— > for all $7 G 
End(5). 

Proposition 3. Let D be the connection associated to D cf. Definition [H Then D and the 
charge adjoint are compatible in the way that 

D{ad^^) = adgf,^ + adg^^ (3.2) 

for a//17,^ GrEnd(S). 
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Definition 3. Let D he a connection on the spinor bundle S over the (pseudo) Riemannian 
manifold M and denote by V the Levi-Civita connection on M. The torsion T G r2^(M) (g) 
rEnd(5) of D is the defined by two times the skew symmetrization of : X(M) fS> X(M) 
rEnd(5). 

Remark 3. 

1. We have {Dxl){Y) = Dx{-f{Y)) - j{VxY). Using this and VxY - VyX = [X,Y] and 
omitting the map 7 we may also write 

T(X, Y) = bxY -byX- [X, Y] . 

2. In terms of the difference A = D — V a Q}{M) (8) rEnd(5) the torsion may be written as 

T(X,y)=adS(^)y-adS(^)X 

3. The last point and (13. ip yield that the torsion has symmetry Ai, i.e. for all rj, ^ we have 

C(77,T^.e) = AiC7(e,Vr?). 

4. For a metric connection D on S the torsion is exactly the torsion which is defined by the 
connection D on the manifold M. 

The torsion obeys some Bianchi-type identities. 

Proposition 4. Let D be a connection on the spinor bundle S over the (pseudo) Riemannian 
manifold M. The torsion T and the curvature R of D obey 

D[^%u] = i^d^ {R[nf,)lu], (3.3) 
-D[K(adg7)^^p] = adP {Ry^^)%pY (3.4) 

In this context we add the following identity for the curvature R of 

£'[«^H = 0- (3-5) 
Proof. With Definition [1] the left hand side of (j3.3|) is given by 

{bxT){Y, Z)i = Dx{T{X, Y)i) - T{VxY, Z)i - T{Y, VxZ)^ - T{Y, Z)D'^C. 

We use the definition of the torsion and get 

{bxT)iY, Z)i = Dx{T{Y, Z)0 - T{VxY, Z)i - T{Y, VxZ)i - T{Y, Z)D^^ 
= DxDriZi) - DxiVyZQ - DxjZD^O - DxDz{Y^) 
+ DxiVzYQ + DxjYD^O - D^^y{ZO + ^VxyZ^ 
+ ZD^^yi + Dz{VxYi) - VzVxn - "^xYP'j^ 

- Dy{VxZO + Vy Vx^^ + "^xZD^^ + D^^ziYO 

- Vv;,zn - YD^^z^ - Dy{ZD^O + VyZD^e 
+ ZD^D"^^ + DziYD'^0 - "^zYD^^ - YD'^D'^^. 



^This identity holds for any connection _D on a vector bundle over M, if we endow all tensor bundles with the 
connection induced by D and the Levi-Civita connection on M. 
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The underHned terms are symmetric with respect to X, Z or X, Y. So they vanish when we 
skew symmetrize the above expression with respect to X, Y, Z. So we are left with 

{DxT){Y, Z)i + {bzT){X, Y)i + {byT){Z,X)i 

= R{X, Y){ZO + RiZ, X){YO + R{Y, Z){XO + ZR^{Y, X)^ + YR^{X, Z)i 
+ XR^{Y, Z)i + {R^{Y, X)Z + R^{Z, Y)X + R^{X, Z)Y) 

=0 

With Remark[2l i.e. R'^{Y,X) = R{X,Y)'-^, we may rewrite this as 

The proof of (j3.5p is done by similar calculations. (j3.4p follows from (j3.2p and ()3.5p after skew 
symmetrization of 

(Z)«,adg7)^^p = adg^^^_^7p + adg^_^Z)«7p. 

This completes the proof. ■ 

Example 2. We consider a manifold which admits geometric Killing spinors. These are spinors 
which fulfill the equation Vx</' = —aX(p for a constant a ^ 0, the Killing number. This equation 
has been extensively examined in the literature [Hj 129^ [21] and in particular [9]. Moreover we 
would like to stress on [7] where the author draws a remarkable connection between geometric 
Killing spinors on a manifold and parallel spinors on the cone over the manifold, at least in the 
Riemannian case. 

From the above equation we read that the connection D on the spinor bundle for which the 
geometric Killing spinors are parallel is given by 

D = V + a-j. 

Suppose AiAq = —1, i.e. the Clifford multiplication is skew symmetric. This yields a condition 
on the connection which will be important in the next section: 

ad'^(^{p)7^} = a7|p7^| + a-f{^j^y = -ag^y + AoAia7{^7p} 
= -a(l + AiAo)5/.^ = 0. 

The torsion and the curvature of this connection are given by 

T^y = Aa-i^u and R^y = R°^ + 2a^j^y 

and obey 

-Dk^i. = - Wag^if.-fy] and ad^^^j,, = R^^^xl^ + ^a^gn[filu]- 
such that both sides of (j3.3p vanish. 

4 Admissible spinor connections 

4.1 Killing equations and admissible connections 

We examine the conditions on the connection D = V + ^, such that the vector field tjj^ built 
up by the Killing spinors Lp = D^ijj = is a Killing vector field, i.e. C^^p^^yg = 0. We have 
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= sllV^.V', -0}, Cy) + g{{ip, V/,V}, eu) + {^i ^ v} 
= g{{Xl^, V'}, e^) + 9{y, A^^i)}, ey) + {// ^ i/} 
= 2{A^^ip, 7^^) + 2(99, 7^^^^) + {/X ^ I/} 

This yields 

Theorem 1. Let D he a connection on the spinor bundle S over M. Suppose ^ S are 
parallel with respect to the associated connection . Then the vector field {(f>,Tp} = 2Ci{(j)(^'ip) 
is a Killing vector field if the symmetric part of D-y : X{M) (8) jC(M) End(S') acts trivially on 
the parallel spinors. In this case we have 

V^{r?,e}. = C(??,7;,,0- 
This motivates the next definition. 
Definition 4. Let be a connection on the spinor bundle S over M and /C C PS" be a subset. 

1. We call {IC,D) admissible if the symmetric part of D'j acts trivially on /C. If D is fixed 
we call IC admissible. 

2. We call D admissible if is skew symmetric. In this case is T = 2D7. 

Remark 4. Due to Theorem [1] the admissible subsets of L''^-parallel spinors are of particular 
interest. 

Example 3. Consider the supergravity connection D = V + A with A = F"^ + given by 

F\X) = -1-X^F,,,„^^P- and F\X) = ^^X^F^.^^r"'"^ 

for a 4-form F on M. This connection obeys F^ = —{F^)'-^ and Fj^ = {Fj^)'~^ due to Example [H 
Furthermore we have 

ad^(AJ7. = + {F'^,lu} = -^F^P-^^,.,^,^r + If^u^p^p 

which is indeed skew symmetric with respect to /_f and v, i.e. the supergravity connection is 
admissible. 

This example can be generalized. 

Theorem 2. Let D be a connection on the spinor bundle S of M and A := D - V e 0^(M) (g) 
rEnd(5). Suppose Ax is homogeneous with respect to rEnd(S') ~ ^^r2*''(M). Consider the 
decomposition^ 

n\M) (g) n\M) = n^+\M) © n^"\M) © n^^'^\ 

A{X) may be written as Ax = X\F^+'^ + X A G^~^ + Ao{X) with an {£ + l)-form F, an 
{£ - l)-form G and Aq G O^^'^). 

Then D is admissible if and only if Aq = and AiA^cg = —1 or equivalently AoAdcg-i = 
||_^deg^ i.e. deg = 3mod4, or 1 + AoAimod4. Here deg denotes the degree of the forms F 
and G respectively. 



*0^^'^' denotes the irreducible representation space with highest weight ei + 



ei. 



The Torsion of Spinor Connections and Related Structures 



9 



Proof. Consider A either to be of the form 

with F e J^^+i e f^(^'i) and G G n^'^. In the first case we have 

This expression is skew symmetric if and only if F is totally skew symmetric, i.e. Aq = 0, and 
AqA^ = (— )^~^. With deg = £ + 1 this is exactly the condition stated. The second case is 
treated in almost the same way. 

= G^^-^^-^ (7/.M.....-1. + AoA,7.;.M...«.-i) - {{-f~^ + AoA,)5.[^7k,...«,_,] 

= G^-^^'^ {i-y-^ + AoA,)7^,,,...,, - IG^^--^-^ + AoA,)5.[^7k,...k,_,]. 

This is skew symmetric if and only if AqA^ = (— )^ or AoA^_2 = {—Y~^ which with deg = i — 1 
finishes the proof. ■ 

If A is of the form Ax = OiX A F + PX\F for an £-form F we may rewrite it as Ax = 
aX ■ F + PF ■ X where (•) denotes Clifford multiplication and a, [3 are linear combinations 
of a, 13. Therefore, we will restrict ourself often to the two cases F ■ X and X ■ F. 

Remark 5. 

• To be admissible is a property which has to be checked for every degree of ad57. This 
yields that the connection D on S" is admissible if and only if every homogeneous summand 
is. Furthermore D is admissible iff D*-" is admissible, because this fact does only depend 
on the degree of A^ in 0,(M) which is independent of the charge conjugation. 

• For Ax = X A F + X\ G admissible the torsion is given by 

T{X,Y) = ±X AY AF ±X\Y\G. 

Example 4. Let A{X) be of the form X AF^^^ or X\F^^\ In eleven dimensional space time this 
leads to an admissible connection for £ = 0,3,4,7,8, 11. In Example [3] we have -Fj- ~ X]F^^^ 
and F|- ~ X A F^'^\ 

Theorems [Hand [2] have an important consequence for metric connections on the spinor bundle. 

Corollary 1. Let D be a metric connection on S. D is admissible if and only if Ax is of 
the form X\F^^K We write A/j, = jA^^i^-y'^'^ . The torsion tensor in this case is totally skew 
symmetric and given by T^y^ = 2A[^^]^ = 2A^y^. In other words D is admissible if and only if 
its torsion is totally skew symmetric. 

Metric connections with skew symmetric torsion play an important role in string theory as 
well as supergravity theories. A lot of literature on this topic has been published during the 
past few years, see for example [19] or [18] and references therein. 
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4.2 Admissible connections on twisted spinor bundles 

Sometimes it is necessary to introduce £-form fields which have degree different from those which 
are aUowed by Theorem [2j This is possible in two different ways. 

The first way is, in particular, interesting if M is of even dimension 2n. 

Suppose n is even. In this case the ^-forms with ^ = 1 or 1 + AqAi mod 4 contribute to an 
admissible connection by 

F'^-'^^7.......7m7*. (4.1) 

This is due to A(7(^)7*) = A2n-e (compare ()A.3P in Appendix and 

2n-l = 3mod4, 2n-3 = lmod4, 2n - (1 ± AiAq) = 1 ± AiAq mod4 

for n even as well as Theorem [2l 
If n is odd we have 

2n-l = lmod4, 2n-3 = 3mod4, 2n - (1 ± AiAq) = 1 T AiAq mod4. 

In this case the £-form with £ = 3 or 1 — AqAi mod 4 contributes cf. (j4.ip . for the same reason. 

The introduction of 7* is a bit artificial, because we may express for example -F'^^" '^'^7i/i...i/^ • 
X7* as ib(*F)''i'"'^2n-£^^^ Nevertheless, we will see in Section [5.21 that this is a useful 

description. 

Corollary 2. We consider the projections : 5* = S^(BS~ — > S^. Anl-form contributes to an 
admissible connection hy F(^i-^'^^^'^'^^Yi^ if and only if t = 3 mod 4 /or ?i odd, or£= I+AqAi mod 4 
for n even. 

The second way uses the forms without considering duality, i.e. without adding 7*. This 
bypasses the last remark. 

We replace the spinor bundle S by the direct sum S ® S. This space is equipped with a 
charge conjugation which is given by the charge conjugation C on S" twisted by a modified 
Pauli- matrix, i.e. C (8) Tj. For tq we get the direct sum of C and we denote this usually by C, 
too. The connection D for an ^-form F may be written as 

D^, = + ^Fi,,..i,yi-^^7^ ® Tj = + F^^Tj 

with a matrix Tj. We have 

C (g>Ti{F-/^Tjr],-f^C) = C{F-/f,Tjr],-f^Ti^) = AiAiejC{r],"f^F-/^TjTiC) 
= AeAiEjEijC (g) Ti{r],-ff,Fj^Tj^). 

This yields 

Theorem 3. For the twisted spinor bundle S ® S with charge conjugation C ®Ti the £-form F 
contributes to an admissible connection in the form j|i*ii...j^7*^'"*^7^ tj if and only if 

AiAiEjEij = -1. 

All possible values for {i,i,j) are listed in Tabled 

If we fix i we see that the possible values of j depend on the choice of Tj in the charge 
conjugation and on AqAi (at least for even i). For i = j = the two components decouple and 
we recover the result from Theorem [2j 
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Table 1. Possible choices for tj so that the £-form contributes to an admissible connection if the charge 
conjugation is given by C t^. 



i 


£mod4 


j 


i 


^mod4 


j 





1 


2 





1 - AoAi 


2 




3 


0,1,3 


1 + AqAi 


0,1,3 


1 


1 


3 


1 


1 - AoAi 


3 




3 


0,1,2 


1 + AoAi 


0,1,2 


2 


1 


1,2,3 


2 


1 - AoAi 


1,2,3 




3 





1 + AoAi 





3 


1 


1 


3 


1 - AqAi 


1 




3 


0,2,3 


1 + AoAi 


0,2,3 



Remark 6. We draw the attention to the fact that we change the symmetry of Ci if we use T2 
to modify the charge conjugation. 

Example 5. 

• In [3] the authors discuss pp-wave solutions of type IIA supergravity. The starting point 
is a Killing equation for the spinors constructed by a 3-form and a 4-form in the following 

way 

D = \7 + (g) rs + (g) n. 

In ten dimensional space time we have two natural ways to choose the charge conjugation 
(Aq = +1 or —1) and in both cases we have Ai = 1. The above connection is admissible 
for the choice Aq = — 1 and i = or 3 as we read from Table [TJ 

• In [10] the type IIB supergravity and the variation of its fields are discussed. The vanishing 
of the gravitino variation leads to a Killing equation where A'^' contains all odd £-forms, 
which are twisted by T2 if the degree is £ = 1 mod 4 and by ri if the degree is ^ = 3 mod 4 
and furthermore a second three- form, H^, twisted by T3. This is possible only for i = 
independent of Aq. 

Moreover the four Z2-symmetries which are given by multiplying the fermion doublets 
by Ti or Ts may be seen as a change of the charge conjugation from C (8) tq to C (g ri or 
C T3. Now it is evident from Theorem [3] that not all off fields are allowed if we want 
to keep the connection admissible. In particular, these are = for all i if j = 1 and 
F^ = F^ = F^ = = if j = 3. These are exactly the truncations which are made 
in [TO]. 

We carry on considering the supergravity connection cf. [TO] which is given by W-^ = V — A'-'' 
with 

= H^nxl^^ + i^.S"7M ® ^2 + 5!^'ik2.37"^"^"^7m ^ n + irFl,...,!'''-'''!, ^ 

+ 7Ti^J,....,7''"-"^7M ® n + ® r2, (4.2) 

where if is a torsion three form and the ^- forms are connected by *F^ = F^, *F^ = — -F^, 
and *F^ = F^. As we mentioned in Example this connection is admissible for the charge 
conjugation C (g) tq. 
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Due to the nature of the gravity theories the parahel spinors have a fixed chirahty property. 
More precisely the chirahty of the two components of rj and a relation between both entries, are 
fixed for all supersymmetry parameters. This may be described by an operator 

1 0Tj ±7* Otj. (4.3) 

In the last part of this section we describe admissible connections which are compatible with 
such chirahty property. In contrast to admissibility it is essential to distinguish between D 
and , as we will see. 

We consider a manifold of even dimension 2n with twisted spinor bundle S (B S and charge 
conjugatiorH C © C. We suppose that the connection D has an admissible contribution of the 
form 

where the two forms are connected by = W£F'^"'~^. We insert this as well as ()A.2p into the 
connection and get 

We define Hij^w := |(1 i8> Tj + w^* (g) tj) which has the following properties: 
Lemma 1. 

1. ILij^w has eigenvalue zero if is none of the pairs (0,2), (2,0), (1,3), or (3,1) and in 
the latter cases we have ^q2w ~ 1^7* ® ''"s "-''^^ Il^g^ = 

2. The dimension of the zero eigenspace is dim(ker Iljj^^) = dimS. 

3. For the operators with eigenvalue zero we have Ilij^w^ij,~w = ^ if i = j or ij = and 
ni2,u,ni2 = IIos,^, 1123,^1123 -u; = IIoi.u, but in all cases 

kerlljj,-!- = imlljj^qr. 
Proof. The proof is done by taking a look at 

for the different cases. The kernel of Iljj which match with the image of W^ij-^ is listed in 
Tables ' ' ■ 

Due to this lemma we may take Hj^ as a kind of projection which defines the chirahty 
properties of the spinors r\ £ S ® S. (j4.4p with = u)^F^"~^ contributes non trivially to 
an admissible connection in case of a chirahty property of the form H/j^^^r/ = if and only if 

1) 

ker Ilfci,^ n ker n.y- a / for a = W(,{-Y{-)~^ . 

This is the case in (|4.2|) where all projections have the same image imXIn,- = imn22,- = 
5+ © S+ c 5 © 5. 

We now ask in what way this chirahty operator is transferred to the torsion. The observation 
which is summarized in the next proposition will, in particular, be used in Section [5. 1[ 



'We restrict ourself to the case C ro = C ® C. The other possibihties are treated in the same way. 
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Table 2. The kernels of Ilij^w as subsets of S* © 5". 



noo,ii> 


noi,-u; 


no3,iij 






{{rj, -w-i*ri)\r] G S] 






ni2,to 






n33^^ 


5-'" © 5"" 




{{r],wj*ri)\r] G S} 





Proposition 5. Consider a connection D which has a contribution proportional to a projection 
cf. ()4.3p . Then the associated part of the connection as well as the associated part of the 
torsion of D are proportional to the opposite projection. 

Proof. We restrict to the the case i = j = Q where the connection has a contribution of the 
form = F(^)7(^)7^n^ with 11^ = 1 ± 7*. The associated part of the connection D'~^ is given 

by 

= F(£)(AiAn/.7^^^ T AiA2n_n/.7^^^7*) = -F(£)7M7^^^n^, 
where the last equality is due to the admissibility of the connection. Furthermore we have 

T^u = A^^. + ^^Al = (7(')7Mn^7. - 7.7M7^'^n^) 

= (7^')7m7. - 7.7M7^'^)n^ = (7^7^, + 7M.7^'^)n^- 

The proof for A/j, = F(£)7^7^^)n^ or {i,j) 7^ (0,0) is almost the same. ■ 
4.3 Jacobi versus Bianchi 

In this section we consider a graded manifold of the form M = (M, ATS) and calculate com- 
mutators of the vector fields i{<j)) which have been defined in the preliminaries. The (graded) 
Jacobi identity on the (super) Lie algebra of vector fields will be seen to be related to the Bianchi 
identities. 

We recall the inclusions of the vector fields on M, the spinors, and of the endomorphisms of S 
into the vector fields on M as given in Section [2j Due to the fact that we will fix a connection D 
on S, we will drop the index and will write j : TS © X(M) — > X(M) for the inclusions. 

Proposition 6. We consider the graded manifold {M, APS) and a connection D on S which 
defines the inclusion j and the map i : TS X(M). Furthermore we consider a linear subspace 
/C C {(/> G TS\D^'r] = 0| such that (/C, D) is admissible. Then the following holds for all 

= *B(i?; ^, ij) + iS)(T; ip, V), (4.5) 

where we use the short notations 

^{R; if, V') = 7^^ A 7> ® R^,, (4.6) 
S)(T;(^,V) = (7^^^ A W + 7^^^ A T^.(^) ^ D^. (4.7) 
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Proof. For all r5 we have 



(en 



= *B(i?; V') + I'^cp A -0^7^ V + 7^^ A D^j^ ^(8)0" 

In particular, these relations reduce to (|4.5p if we restrict to /C. ■ 

Corollary 3. Consider an admissible metric connection on S, i.e. with skew symmetric torsion 
Tfj,uK = '^-A-^uK- In this case ()4.5p is given by 

[i{ip),j{iP)] = \R^unpl^V A ® 7"^ + ^T^u.l^ip A 7> ® 

For the following calculations we restrict to the case that the spinors belong to an admissible 
subspace /C C {77 g r5 | D'^r] = O} 

- t'^t? a a adg^_^7''v9 ® Z)« + YV A 7^77 A 7^^^ ® {D^R)^u. (4.8) 
S)(T; 77, e)] = i7> A T,^r? A T^"^ ® + ^7^ A T,^e A T^'^r? ® 

+ \T'"^ip A 7^^?? A T^^i ^D^ + ^T^^^p A 7^*^ A T^^t] ® 
+ 7> A 7'^r/ A (^D'' + 7> A 7^^^ A D^T^^r, O 

+ 7> A 7^7? A T^"^ ® R^^ + 7> A 7^^ A T^'^v ® (4.9) 

From (j4.8p and (j4.9p we read of the terms of different order in [i{(p), [7(77), «(^)] ] : 

[i{v),i{0] ] ^'""^ = I (7V A T,^?? A T^'^e + 7> A T.^e A T^^? 
+ T'^V A Yv A T^,,e + A YC A T^.r?) ^ D, 

+ (^7> A 7^7/ A D^T^^C + h'''/' ^ A V?? 

- 7"?? A Y( A adg^^7.V5) ^ D\ (4.10) 

[z((^), [7(7?), 7(6] ] ^'"'^ = i (7^9^ A 7«r/ A T'^'^e + 7^^^^ A 7.^ A T^^q 
+ 1kV> a 7^^ A T''^7? + 7«(^ A 7^7? A T'^'^C) ® ^/.i. 

+ 7>A7^r/A7"^® (I^.i?)^.. (4.11) 

The Jacobi identity, i.e. the vanishing of ^ [^('z'), [7(7/), 7(6]] holds independently for the 
terms of different degree - here ^denotes the graded cyclic sum. More precisely: 

• The cyclic sums of the first summands in (|4.10p and ()4.1ip vanish due to the symmetry 
of the involved objects. 

• The vanishing of the cyclic sum of the second summand in (j4.1ip is equivalent to the 
Bianchi identity (13. Sh . 

• The cyclic sum of the second summand in (j4.10p vanishes due to the algebraic Bianchi- 
identity of the curvature of the Levi-Civita connection. This is due to the following sup- 
plement to Proposition HI 
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Lemma 2. Let /C C {?? € TS \ D'-^r] = O} such that {D,]C) is admissible. Let T be the torsion 
of D. Then (j3.3|) in Proposition^^ reduces to 

{D[^T^], - adg^^7. - ^°^.a7^)^ = 
for all 77 € /C. 
This yields 

Corollary 4. Let K,, D and T as before. For all spinors r;, ^ € /C the following holds 

Remark 7. As we saw above, the action of D^^T^t^^ — ad§^^7,y on K, coincides with the action 
of the curvature of the Levi-Civita connection on K,. If D is admissible this yields a way to 
express L^ in terms of R and T . Let furthermore D be metric, i.e. a connection with totally 
skew symmetric torsion. Then the above expression may be written as 

pO Ty Vf^ T —T 7^ P rr^ 

with cr'^Xfiu ~ '^'^p[KxTfj,]u^ which is indeed a 4-form. This is due to [16] or [20]. Here denotes 
the connection which differs from D by 

{Dx - Dl)T{Y, Z) = \T{T{X, Y),Z) + \T{Y, T{X, Z)), 

i.e. {D^ - Dj^)T^xu = Tp^[xT,,]/. 

5 Applications and examples 
5.1 Torsion freeness 

We consider a connection D on the spinor bundle S and /C C PS" such that {D, KL) is admissible. 
In (113]) we defined the map 2) : S'^{TS) h?TS ® X{M) which motivates the following 
definition. 

Definition 5. Let D be a connection on 5 with torsion T and K- C TS such that (D, K) is 
admissible. 

1. We can K) torsion free if D{T; r/, = for ah ??, ^ G /C. 

2. We call {D, JC) strongly torsion free if T^uV = for all rj £ IC. 

And in view of (j4.5p 

3. We can {D, K,) Bat if ^{R; ip, -0) = ©(T; v?, -0) = for an 99, ^ G /C. 

There are two natural problems: firstly fix D and restrict IC such that one of the properties 
are obtained, secondly look for conditions on the connection - or the torsion - such that an 
admissible set IC is "as large as needed". 

Of course, admissible subsets /C C |?] g TS \ D^r] = O} will be of particular interest. Due to 
Theorem [1] the Killing vector fields which we obtain by {/C,/C} are parallel with respect to the 
Levi-Civita connection if K, is strongly torsion free. Therefore, to get non parallel Killing vector 
fields by Ci, it is necessary for the connection D on S" to admit a part which contribution to 
the torsion acts non trivially on /C. 
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5.1.1 On strongly torsion freeness in R 



n 



We consider flat M" with spinor bundle S and connection 




, . . . , An) is constructed from forms on M" with constant coeffi- 



Example 6. Consider M^" with connection D'^ = — on its spinor bundle. Let A'~' be 
determined by a three- form F, moreover F shall be a one- form with values in 5u(n). Then 
i)oi C su(n) and there exist two parallel pure spinors r],f] which are associated via charge 
conjugation. These spinors obey ^{R;r],r]) = ^{R,f],f]) = 0. We use the decomposition 
{j-^2n = n n where the complex structure obeys nf/ = riry = 0. If F G A^C^*^ n (n (8> 5u(n)) 
the torsion acts trivially on r/. In this case the subspace spanned by this sole odd generator is 
strongly torsion free, in particular, it would have vanishing center, li F £ A^C^" H (n (8) su(n)) 
the same holds for f/. We emphasize that in both cases the three- form is not real and that for a 
real three-form a trivial action on one of the spinors is only possible in case of vanishing torsion. 

Example 7. Suppose A is obtained by a constant form and Ax oc n"*" (n~) for a projection 11^ 
cf. (j4.3|) . Due to Proposition [5] Z?*^ and T are proportional to the opposite projection 11" (11+). 
So IC spanned by the constant positive (negative) spinors is strongly torsion free. 

The last example can be generalized to 

Remark 8. Strongly torsion freeness can not be achieved by pure chirality considerations due 
to Proposition [U when we want to deal with spinors which are not Levi-Civita parallel. In this 
case strongly torsion freeness leads to new algebraic constraints on the fields. 

We will discuss torsion free structures which are not strongly torsion free in Section 15.21 
(generalizing Example [6|) and 15.31 

5.1.2 A comment on differentials 

As we mentioned in the introduction and as performed in [30] we may take the vector field 
loiv) = I'^V ® Joi^fi) as degree-one operator on AS and look for conditions such that this 
operator is a differential. We immediately get 

Proposition 7. Let D be a connection on a spinor bundle S over the (pseudo) Riemannian 
manifold M. Consider the vector field i{r]) on the graded manifold (Af, PAS'). Let D^r] = 0, 
then i{rj) is a differential on TAS if and only if {D, {?]}) is flat. 

When we consider admissible subspaces IC of order one we have to take the collection of 
all elements in {^{R;r],0\ D'^'t] = D^^ = O} and {D(T; r?, 01 = D'^'^ = O} and discuss 
whether or not these terms vanish. In particular, if the dimension of IC is large the conditions 
on the torsion are very restrictive. When we consider the differential point of view we only have 
to discuss the terms *B(i?;ry, ry) and D{T;rj,rj) for one fixed spinorial entry. 

In [30] and [25] the condition on IB is discussed for the untwisted case. The twisted case is 
touched when the authors discuss real spinors. The main emphasis is on metric connections D 
of holonomy g C so(n) C 51(2'?]) with g = 5u(§), sp(|), spin(7) if n = 8, or Q2 ii n = 7. The 
discussion in [25] is restricted to the torsion free Levi-Civita connection. If we want to cover 
non-torsion free metric connections - or general spinorial connections - we have to take into 
account the ©-contribution which yields further restrictions and we recall Example [H] and the 
examples below. 
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5.2 Parallel pure spinors 

We consider a Riemannian manifold M of even dimension 2n > 4. Consider a pure spinor 
r] G TS. We will discuss conditions on a connection D such that ^{R; i], rj) or D{T; r], rj) vanish. 
As before, the case of a D'^-parallel pure spinor is of particular interest due to Theorem [H 
Section 14.31 ^-rid Proposition [Tl Although we deal with forms of arbitrary degree, we always 
specialize to the metric case. 

A pure spinor is characterized by the following two equivalent conditions (compare [13^ [22] ) . 

(1) The space {X £ TM \ X-q = 0} has maximal dimension, namely n. 

(2) Cfc(r/,r/) = for all k n. 

Furthermore a pure spinor is either of positive or of negative chirality and the vector field ?y} 
vanishes. The symmetry and the chirality of are given by 



2n mod 8 





2 


4 


6 




{-r 




-i-r 


Ti-r 


A2m+1 


H-r 


i-r 


Ti-r 


-i-r 


chirality 


non chiral 


chiral 


non chiral 


chiral 



The different signs belong to the choice of charge conjugation. Chiral means C : S^^S^ C 
and non-chiral (nc) means C : S^^S^ C. Examining this table yields that the second part 2 
in the characterization may be relaxed as follows 

(2') The chiral (or anti-chiral) spinor rj is pure if Ck{r], rj) = for all /c — n = 0mod4, k ^ n. 

In particular C„ has symmetry A„ = 1 in all cases. 

We take a closer look at iB(i?; t], t]) = j^rj A ^'^rj ® R^^u- We use the Fierz identity (|2.3p to to 
rewrite this expression. 



1 



dim 5 



E 



Ao(AoA 



k\ 



1 



dimS" 



^ (-AoAi 



>fc+i 



+ 



1 



(A; -2)! 
(-AoAi)"+i 
dim 5 



^(7(^-2)^,9^)7^"^'-') 
1 



(n-2)! 



C(7'^'^("-2)r/,r/)7(,_2) + ^C(7(„)??, ??)7^"^")) • 



The second last equality holds because of ()A.ip and the last due to the fact that only the 
summands with k = n — 2 and k = n + 2 survive. Furthermore we needed 1 = A.„ = — A„_2 = 
— A„+2- Using the duality relation ()A.2p to manipulate the first or second summand, we get 
the following two equivalent expressions 



(-AoAi 



\n+l 



nl dimS" 



-C(7(n)^,^)7^'^("Hl-(-)"«^r,7* 



and 



(AoAi)"+i 



{n -2)1 dim S 
where is defined by 7*77 = if^ry 



C(7^^("-2)r?,r/)7(„_2)(l-(-)"Tz;,7*), 



(5.1) 
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Suppose dim M = 4. Then (jS.ip is self dual if ry is of negative chirality and anti-self dual if r] 
is of positive chirality in the sense that 

I A 7''lr? = -Wr,-f[pr] A 7^]r/. 

This yields 

Proposition 8. Let M be of dimension four and the pure spinor r] be of negative (positive) 
chirality. Then ^{R;rj,rj) vanishes if the curvature R of D is self dual (resp. anti- self dual). 

The last proposition is an extension of the result we obtained in [25j where we examined 
the four dimensional case with D = V and holonomy su(2) which implies self-duality of the 
curvature tensor . Moreover in dimension four there is a further symmetry which yields 
^{R^] T/, r?*^) = for the parallel pure spinors r] and its parallel pure charge conjugated Vj^ . 

Self duality of the curvature tensor as a necessary condition for the vanishing of ^{R;r],rj) 
is too restrictive. Suppose rj is positive so that 7[^r/ A 7j^]77 is anti-self dual. This is half of the 
game. More precisely we find 7[^7? A 'yjy^r] in the A^''^ part of anti-self dual forms A?. ® C. Here 
A^''' is defined by the complex structure given by r] (compare |27]). If we use complex matrices 
{'y'^,j^}i<a,a<2 associated to this complex structure, i.e. j^r] = 0, and write R in this frame as 
Rab, Rail ^ah necessary condition for the vanishing of ^{R;r],r]) is i?i2 = 0. 

If the connection D, and so the curvature R, is in a real representation the vanishing of the 
A^'^'-part of the curvature is equivalent to two of the three self duality equations. Furthermore 
we hav^ Rij = AR~A~^ and the A'''^ part R12 vanishes, too. So the condition for the vanishing 
of 55 reduces to i? € A^'^. The part which prevent the curvature from being self dual is the trace 
of the A^'^-part. This is due to the isomorphism A^ = Aq'^, cf. [6]. 

Similar considerations as in the four dimensional case can be made for arbitrary even dimen- 
sion. For this we introduce complex coordinates associated to the null space of r/, {7^^, 7"}i<a,a<n 
with j°'ri = . The only surviving part of the form which is associated to rj via the Fierz identity 
is C(7^'""r/, '?/)7i...n with only unbarred indices. So (jS.lh reads as 

j^V A 7"^? ® Rf.. = r?(")e'^^-""7ai...a„_,(l - (-)"«^r,7*) ® 

with r/^") := („^2)fdim5 C{'y^—"'ri, rf) and e''!---"" the totally skew-symmetric symbol of unbarred 
indices. This yields 

Proposition 9. Let rj be a pure spinor on the even dimensional manifold M. Then ^(R;rj,rj) 
vanishes if and only if 

eai...a„7"'-""-'(l - {-TWr,J*) ® = 0. (5.2) 

Here the .sum is over the unbarred indices with respect to the complex structure given by the pure 
spinor r]. 

A class of connections for which the above is applicable is given in the following corollary. 
The proof needs the decomposition of A^ which can be taken from the discussion of the four 
dimensional case. 

Corollary 5. Let D be a metric connection on M, and suppose it is of holonomy su(n). Then 
condition (j5.2p holds for the two parallel pure spinors. 



''A denotes the matrix which defines the charge conjugation (p^ := Aip* compare [25] . 
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Using the complex coordinates which have been introduced above, the condition Rab = as 
a necessary condition for *B(i?; r/, r/) = could be seen directly from (|4.6|) . Nevertheless, we used 
the Fierz identity here to draw a connection to the forms defined by the spinor r/ and to make 
the condition more precise. 

We turn to the torsion dependent term Tl{T;r],r]) and distinguish the two cases 7^,^ = 
(^-2)! -^^1^(^-2)7^^"^^ and T^i, = j\F^^^^^^(^£y In both cases we use the Fierz identity as well 
as (jA.ip and condition (2') above and get after some careful calculations 

m(m — 2k — l) , -, 

1 rA_A^^fc+l(-)^"^(-)'"'("-^).x 



dimS^'^^ 'ml{k — m)\{£ — m — 1)\ 



and 



^ m(m — 2fc — 1) , ^ , 1 , 

j^rv A Fi^\.i,V = ^ E (^°^^)^" \L + l)!(fe-i-l)!(£-4 " 
X ((m + l)F(-)(,_„)C(7('="™-^)('-™)r?,r?)7,(^)(,_„_i) 

+ (_)^(^ _ i)C(7(A:-„^-i)(^-„^-i).r?,7?)7("^+^)('-"^"^)) (5.4) 

with m = ^{k+£—n — l). This may be used to get conditions on the forms and their contribution 
to the connection D to let D{T; r], rj) vanish. We will not explicitly use this formulas in the next 
example, but we will see that this would have been possible. 

Example 8. We turn again to the case of dimension four. In the case 1 = 3, i.e. the case of 
metric connection Z?^ — VjJ = — = = T^^,^^^'^ the term 

vanishes in the case of self duality. We recall the decomposition h? h} = © A'^ A^^'^^. If 
we denote the projections on A^ ~ A^ and A'^ by vri and tts respectively, we have 

T e A^ «) A^ ^ *Tii{T) = ±TT3{T). (5.5) 

This example fits into the discussion of admissible connections, in particular, when we added 
"non-allowed" forms to the connection in the artificial way (j4.ip . Moreover if we would have 
taken an arbitrary one- form V^jfj,^^* and three- form Tf^iy^j'^'^ as contributions to ^ = I? — V, 
equations (j5.3p and ()5.4p would have yield exactly the right hand side of (jS.Sp . 



As before we may generalize the result to dimensions greater than four. When we consider 
three-form potentials we see that the D- and the 5S-term have similar shape. So we get 

Proposition 10. Let rj he a pure spinor and D he constructed hy a 3-form. Then D{T; r],r]) = 
if 

F*""-^'^"eai...a„7""-""-^ (1 - i-TWr^Y) ® 6. = 0. (5.6) 

Here the sum over the a* is over the unbarred indices with respect to the complex structure given 
hy the pure spinor 77, and the sum over i is over the complete set of indices. 



20 



F. Klinker 



Remark 9. 

• (|5.6p is solved by F G (n © ii) (g) (5u(n) © A*^'^). Of course, the strongly torsion free 
Example [6] fits into this discussion. 

• Propositions and [TU] give the conditions on the connection such that the parallel pure 
spinor yields a differential. 

We will make a short comment on the twisted case. Consider a doubled spinor bundle. 
Suppose there are two pure spinors C,^ G r5, and let H = (d) be one parallel spinor of the 
twisted bundle. Furthermore, suppose that the two null-spaces defined by ^ and intersect 
transversall50. The necessary condition for to vanish is i? = 0. Now suppose that 

the null spaces of the two spinors have non empty intersection N and the tangent space splits 
orthogonally into T = N®N^, i.e. A^T = A'^N®N(S)N-^®A^N^. Then the necessary condition 
reduces and only the part of curvature which acts on A^A^^ has to vanish. 

5.3 Torsion freeness from brane metrics 

We consider a Lorentzian manifold M = {M.^ , g) such that the coordinates are orthogonal with 
respect to the metric g. Furthermore we consider a spinor connection D'-' which is determined 
by a single ^-form F. This g-form is Hodge-dual to a vector field X, where the Hodge-duality 
is with respect to only one part of the whole space. Furthermore the metric g shall depend on 
this vector field in such way that the Christoffel symbols obey Tj^bc ^ ^a9bc- We take X to 
be the gradient of a function / and use the following ansatz for the metric on M^: 

g = fl{x,y) {dxn^ + ff{x,y) {dy'f, (5.7) 

where (^^/i; 2/m)Q<^<p ;^<^<^ is a partition of coordinates into a (p + l)-dimensional space-time 
determined by (x^) and a d-dimensional space determined by (2/m)^<,^<^ 
We discuss two choices for the g-form F. Either q = p + 2 with 

-^/il...Atp+im = ^^ii...^ip+idmf{y) 

or q = d — 1 with 

where the function / depends on {ym} only. We call F electric or magnetic field strength 
in the first or second case, respectively. This notation is due to the fact that the two forms 
are connected via oc *z)F('^-i). Which values for p are possible to yield an admissible 

connection in one of the two cases may be checked using Theorem [2] and its extension Theorem [3l 

Remark 10. This metric together with the g-form for low dimensions is considered in the 
discussion of p-brane solutions of supergravity. E.g. in dimension D = 11 we have a 5- brane 
with magnetic four-form or a 2-brane with electric four-form. More general p-branes may be 
obtained by using a non-flat metric in the space-time part (pp- waves or AdS) or in the space 
part (see for example [5] or [12j and references therein). 



^This is true for the parallel pure spinor and its charge conjugated counterpart in the case of Levi-Civita 
connection of holonomy su{n). In this case H = (CiC*^) is real and 03(7?; S,H) does not vanish. This has been 
used in [25) to show that the real supersymmetric Killing structure is not finite in the case of quaternionic spin 
representation where a twist of the spinor bundle is necessary to yield a real structure. Nevertheless, it has been 
shown that in this case there exist two isomorphic finite sub-structures. 



The Torsion of Spinor Connections and Related Structures 



21 



We specialize our discussion to the case where the metric is determined by two functions 
which depend on {y*} only: 

g = fl{y)dx^ + f^{y)dy\ (5.9) 

We refer to the coordinate frame by unchecked indices and to the orthonormal frame by checked 
indices. The two frames are connected by = Cm = f2{y)~^dm and e'* = fi{y)dx^, 

= f2{y)dx-\ 

The Levi-Civita connection of (|5.9p is determined by the Christoffel symbols Tabc = ^CBA = 
\ [dAQBC + dcQBA - dsgAc) , 

r^i/j = — r^jj, = 5j(in/i)(7^j,, 

^ijk = di{lnf2)gjk + dk{lnf2)gij - dj{lnf2)gki, 

r — r ■ ■ — r — n 

and given by = 9a + \^ABCl^'^ with 

v^ = d^ + ir^,,7" = 5^ + i9,(ln/i)/i/2-S^\ 
Vi = di + |r,^,7^^ + = 9. + \dj{\nf2HK 

The additional part —A^ of the spinor connection = V — is determined by the g-form F 
and given by a linear combination of F^Ax-.a^^iI'^^'"^''^^ and F'^^"'^''lnAx...Aq- 
The magnetic case. We consider the (d — l)-form F cf. (15. 8p and calculate 

= {-fl3{d-l)\f^{detgdr--g^\d,f)^^kl^'''^ 

= {-f[3{d - md,f)hfif^'f^%h^'^ 
= (-)'^f3{d-mdjf)hft%h^''^ 

as well as 

-Af = aFiA,...A,_,l^'-^'-' + f3F^'-^^''liA,...A,_, 



ae. 



(_)<i-i(a(d_2)!5JV|(det<7d)-^(9,/)7.fc 
+ /35^''5n'/l(det5d)^(9,/)e,,..j,_,fce*'^-^'''-)7t'^ 

(_)<i-i _ 2)!(a,/)/|(det <7d)-H.-^" + - l)!(aj)/|(det g,)-^)7["l 
From now on we suppose that at least one of the two factors in the brane ansatz is even 



dimensional. The matrix 7['^1 = ^^i^.A^Y^'"^'^ is connected to the volume element of the space 



factor in M and obeys 

We choose e G {1,^} such that {ej^'^)'^ = 1. Then 11^ = ^(l it e7['^l) is the projection on one 
half of the spinor bundle. When we denote the spinor bundle of M, of its d-dimensional factor, 
and of its (p + l)-dimensional factor by Sd, Sd and respectively, we have 



(S) -Sp+i if d even, 
P+i 



Sd S^,-, if d odd 
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Furthermore we suppose that /i, /2, / and a, (3 obey 



■.= diilnh) = -{-)%^aid-2y.idif)ft'' 
for some choice of signs 61,62 € {±1}- 



(5.10) 



Remark 11. (jS.lOp can be obtained by the ansatz fe{y) = e"^''^^^ which yields the following 
system for the constants af. 

ai = l)!a3, a2 = -{-^62'^ a{d - 2)la3, = (d - 2)a2. 

For d = 5 we deal with a four-form F which leads to an admissible connection when we have 



AqAi = —1. Then a possible solution for 61 



-1 and e = i is (3 



288' 



a 



8i 

288' 



ai = — |, 02 = |, and 03 = 1. In dimension eleven this is the supergravity M5-brane solution. 
With (jS.lOp the connection is given by 



D^ = d^ + xai^m^ , n't =di + v^rM"^ + 628 



c 



2a 



(5.11) 



The signs 6^ in (j5.10|) determine which projection is present. Nevertheless, the projections should 
be the same in both terms. 

Proposition 11. 1. The holonomy of the connection (|5.1ip is given by 

(p-|- 1) • 2 2 . Sd if d odd, (i.e. {p + 1) even), 

{p + 1) ■ 2^-^ ■ Sd if d = 0mod4, 
^{p + l)-2l-Sd if d = 2mod4, 



[)0[ = 50{d) K < 



Here 5o{d) C s[(S'^) and for d even Sd denotes the 2^ ~^ -dimensional (not specified) half spinor 
representation S'^. 

2. The torsion of the connection D - the charge conjugated of (15. lip - is given by 

T^i = -6ief2Xa(.l^'^ = 62e{d - l)(5a-^ fiYaf,^^'^ , (5.12) 
T^i = 52e/2lfc7^-j7t''l- 

Proof. The bracket [D^^,Dy\ vanishes due to n^7^j = 7^jn^ and H^II^ = whereas [D^,Di] 
is given by 



[d^ + x,7^^n±, 5i + Y,rM^ + 628 



2a 



[Xj^^m^,YkiH^]+ Xj^^m^,52e^^-^{d-l)Ya^'^ -9,x,7^m± 



2a 



2a 



^in(7/n±7,-%± - 7,-%±7^^n±) 



The Torsion of Spinor Connections and Related Structures 



23 



-x,yj7/n± + XfcF Vl7/ijn± ± s2^-^^^YiX,jf,m^ - diXj^f^m^ 
±52id-i)p-2a ^^^^ _ g^^^^^ ^ x.y Vl7,.)n^. 

Here we used jfii'y^^ = —'J^'^jfii and XjYj^. = X^Yj. When we calculate [D^,Di\ we furthermore 
use 7ij7['^] = 7''^'7ij. This yields 

+ Y,rM^ + s^e^^^Ya^'^.d, + yn/n^ + ^^s^^^y,^^^ 

,(d-l)/3 



(5,y,)7/n± - (a,y,)7j'n± + 52e^^^^^{diY, - a,y,)7''i + ny^ h',7/]n^ 
2/l%>^Sj]in± + 2yfey,(gy7'' - 47'j + - 5|7/)n^ 



, Kk^J\-n± 

T± 



= 2(^/2^%y'=7j]fc + /2"'n>^^.-j + 2yfcy[,7/jn*. 

We have two different families of generators for the holonomy algebra: first |7jjn^} and second 
{7^jn^}. The first one generates a so((i) sub algebra of sl(5^) C 5[(5£)). 

Suppose d is odd. The action of so((i) on the second family generates the commuting set 

span{7^j,,„j^n± I r odd} ~ Clf^. (5.13) 

The action of so((i) on this set is given by right multiplication 

[7{jn^,7^ij...j^n=^] = -7/iii...iv7«jn=^- 

As a spin module via right (or left) multiplication the Clifford algebra is isomorphic to a direct 
sum of copies of the minimal spinor representation and so is the 2'^~^-dimensional odd part 
due to Spin-invariance. 

The minimal representation is of dimension 2^~. Therefore, the commuting set is iso- 
morphic to (p + 1) • 2 2 Sd as representation space. 

Suppose d is even. Consider once more the set generated by the action of so((i) on the second 
family. If {^^'^'^f = \{d = 0mod4) we have 7°'i<in± oc 7°dd^[rf]n± = 7°ddn± in the other case 
{d = 2 mod 4 ) there is an extra i-factor in the proportionality. Therefore, the commuting set 
is ()5.13p of dimension 2'^~^ if d = 2 mod 4, and only one half of this if d = 0mod4 due to the 
duality above. 

The minimal representation 5^ is of dimension 22~ . Therefore, as representation space the 
commuting set is isomorphic to (p+ 1) •22~^5(i if d = mod 4 and to (p + 1) - 22 5^ ii d = 2 mod 4. 

The torsion of the admissible connection D = V + A is given by Tab = o.dj^^'-fB = AaJb + 
■Jb-Aa- We have 

AO - ^x-Y-%['^l -^^ - ^y-vAM + MlnlMy.^H 

-^^t — 2 *7At 7 1 -^j — 2 7 2q, * ■ 

Due to Theorem [2] we have A^-iAi = —1 or equivalently A^Aq = {—)'^ which yields 
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This is used to calculate the torsion of the brane connection: 

V = ^7. + 7.^^ = -^X^((-)S'7''l7. + 7.7ASt'^) 

5ie 
~ 2 



^-hXi{ - 7A7v7S'^^ + 7»7A7'7'") = 5iehf2X ■ 7^^7M 



as well as 

= ^/2X,(7^7J + 7.V)7A7t" = -Slef2X^Jf,^^'^. 



Last but not least we have 



626 



^ '-f2Yk (7.-'7j + 7j7?')7f'^ = <52e/2n7^j7'''l • ■ 

Corollary 6. The spinors which are parallel with respect to the connection (15. lip form a sub- 
space of the kernel o/II^. Explicitly we have r]{y) = f{y)i]o with constant 7]q G and f obeys 
dJ = ±62^^Y,f. 

The electric case. Due to the fact that the electric (p + 2)-form is dual to the magnetic 
(d — l)-form we will only give a rough sketch of what is used to get a similar result. We will 
assume that at least one of the factors is even dimensional. Then we have the duality relation 
induced by For a suitable choice of X and Y we get 

which is of the same type as in the magnetic case. The projections are given by 



. , , ,Sd® , 1 if {p + 1) is even, 

® Sp+i if {p + 1) is odd. 



The expressions for the holonomy and the torsion can be taken directly from Proposition llli 

In the remaining part of this section we analyze in what way we have to restrict the set of 
parallel spinors to yield a torsion free subset /C in the sense of Definition [5j I.e. we look for 
solutions of D{T,rj,^) = or equivalently 

Ti^.V A 7^C + %jV A 7^? + (?? ^ 6 = 0, 

T^iV^YC + T^uV^YC + iv^C) = (5.14) 
with Tab given by ()5.12p . We discuss the four summands separately and get: 
Ti^V A 7^^^ = -Sief2Xi^f,^^\ A 7^? = 6ief2fr^Xaf.^ A 7^7['^]7? 
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where the second last equality holds because the spinors are of the same chirality with respect 
to 7['^1. 

From this result we see that the first summand in (I5.14p vanishes after symmetrization over 
the spinorial entries. With = S2sf2Yk we keep on calculating 

TijT] A = ^fc7^-J7''^^^ A 7^e = ^HyTS^'^^?? A 7^^ + ^HP^It^'^^?? A 7^^^ 
= 7ij Z ■ -f^'^^T] A 7^"C + la^'^^V A - Zi 7j7['^l77 A -/^C- 
The last summand vanishes when we symmetrize with respect to rj and ^. Furthermore we have 
T^^V A = -5i£/27A7"l^ A (XC) = -{-)'i§,eh7^''hf,r^ A (X^) 

and 

T^uV A Y( = 5ief2hX A = (-)'+''5ie/27;i^>7'" (^^) A 7"?- 

If we put all this together and use X Z then equations (|5.14p reduce to 

r^Jl^''^ {Xi]) A 7^"e + l^%r] A (XO + (r? ^ 6 = 0, 

7^^7f''^ {Xr]) A 7''e + 7''''7a^ A (X^ + ^ ^) = 0. 
We collect the brane-example in the following theorem. 

Theorem 4. Consider the manifold M which is MP~^^ xW^ equipped with the p-brane metric (15. TP 
and denote its spinor bundle by S. Let F be a magnetic {d— l)-form on M , i.e. it is *(i-dual to a 
gradient field X[y) on the transversal space W^. The form F and the metric are compatible such 
that they define an admissible connection D on the spinor bundle cf. ()5.1ip . Then the space JC 
given by 

}C = {rj£rS\ D^T] = 0,Xt] = 0} 
is admissible and torsion free. 

6 Outlook 

As stated in the introduction admissible spinorial connections, i.e. connections with further sym- 
metry condition on its torsion cf. Definition [Sj are basic objects when we look for infinitesimal 
automorphisms of the underlying manifold constructed from parallel spinors, compare Theo- 
rem [TJ This condition may be relaxed by considering admissible pairs cf. Definition HI The 
notion of torsion enters naturally, when we look at commutators of vector fields on supermani- 
folds constructed from the spinor bundle. This will be one tool in constructing a purely geometric 
representation of the supersymmetry algebra extending the work of [2] or |25| . Work on this 
construction is in progress. 

A Useful identities and symmetries for Clifford multiplication 
and charge conjugation 

In this appendix we collect some identities concerning gamma matrices as well as some properties 
of the symmetry of the morphisms (j2.1|j ^. 



We note that most of the formulas are valid without additional (det (;)-factors only if the indices belong to 
an orthonormal frame (compare the calculations in Section r5.3|) . 
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For the Clifford multiplication we use the convention 7{^7i/} = —g^iu which yields 

m(m — 2fc — 1) 
(-) 2 kW. 

m\{k — m)\{i — m)] 



min{fc/} , m(m~2fc-l) 



m=0 

We have 

1 fe(fe+l) D(D+1) rr-,, 

with 

^[^1 •= ^1 . . . ^-^ = J-e -vMi . . . 

rni 9 o(-D+i) , 

This matrix obeys {x ) = (~) ^ where t denotes the amount of time-like directions in 
the metric. For D odd 7[^1 is proportional to 1. For D = 2n even we define the modified matrix 



7 



7^"] 5- = mod 4, 
i^[2n] ^ = 2mod4, 



where o" denotes the signature of the metric g. It obeys 
^*^ik) ^ and (7*)2 = 1 

and yields a splitting of the spinors in the two eigenspaces S = © S~ . 
The symmetry property (j2.2p implies 

Afc = -1 <^4- /c G {4m- Ai,4m + l + Ao}, 
AoAfc = -1 <4> /c G {4m + 2,4m - AqAi}, 

AiAfc = -l <;4' AoAfc_i = (-)'' /c G {4m + 3,4?n + l + AoAi}. 
The symmetries A^ and A/j^^ are connected via 



AD_fc = (-)^(-)^'=(-)^(AoAi)^A,. 
This yields 

Afc = A^.fc = A(7(^-'=)7*) if D = 2n even, (A.3) 

Afc = A£,„fc if L» = 2n + 1 odd. 

Introducing the complex coordinates 7" = 7*^ + and 7" = 7" — ^7"+", for a, a = 1, . . . , n, 

yields 

(-)^^* = yi . . . y^ = (1 + yy ) . . . (1 + yy ), 

7 7=7 ; 7 7=(-j7 

We use the following modified Pauli-matrices if we are forced to modify the charge conjugation 
to change symmetries: 

1 \ /I 
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T2 = 102 



-1 



T3 = 173 



-1 



To these matrices we associate two kind of signs. The first sign is which we get by permuting 
two of the matrices, i.e. TjTfc = EikTkTi, and the second is Sk which indicates the symmetry of 



(II 1 l\ 

1 1 -1-1 

1-1 1 -1 

\l -1-1 1/ 



/1\ 

1 

-1 
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